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Abstract 

We propose a new method to calculate the 4-dimensional divergent integrals. 
By calculating the one loop integral as an example, the regularization of the 
integrals in 3-dimension momentum space are given in details. We find that the 
new method gives the same results as the traditional dimensional regularization 
method gives, but the new method has the advantage that it gives the real and 
the imaginary part separately. 
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1 Introduction 



It is well known that the dimensional regularization method is a powerful and ele- 
gant tool to calculate and regularize the divergent integrals in 4-dimensional energy- 
momentum space(^'^). This method is widely used both in particle physics as well as 
in nuclear physics(^''^) in calculating the loops integration and renormalization. But 
in some cases, such as of the zero-point fluctuation energy dpi/p^ + m^, where m 
is the mass of nucleon or mesons, can not be calculated can not be calculated by us- 
ing the dimensional regularization formulae directly. In this cutoff momentum 
is introduced to truncate the upper limit of the integration to make the divergence 
controllable(^). In our studies, we found this kind of 3-dimensional divergent inte- 
grals can be regularized by a new method (^). In this paper, we will demonstrate that 
this method is also applicable to calculate other divergent integrals in 4-dimension 
energy-momentum space. 

In the next section, we will show briefly the traditional dimensional regulariza- 
tion of the integrals Fi and F2. In sect. 3, we give the details of the calculation of 
Fi, F2 by our new method. A summary is given in the last section. 



2 4-Dimensional regularization of Fi and F2 

In the one loop level of vacuum fluctuation, the polarization insertion to the vertex 
function or propagators can be expressed in term of two functions (^): 

^1 = 7^/ A , , (1) 

(zTTj* Joo — m'^ + le 

F2{k^,ml,ml) = f d'^q^ 2 , ■ — 2 , ■ 1 ' (2) 

(277)"^ Joo {q^ — nil + i€)[{q — k)^ — 1712 + ie\ 

here k, q are four energy-momentum.Q The subscript 00 indicates the integration is in 
the whole 4-dimensional space. By use of the dimensional regularization technique(^'^'^ 
Fi and F2 are readily calculated, the results are follows: 

2 

TTI 

Fi = -Y^(r(e) -lnm' + l + 0(e)), (3) 
F2{k',ml,ml) = --^^{T{e) - [' dx lnM',{x) + 0{e)), (4) 

iOTT^ Jo 

Ml{x) = Px'^ - {k'^ + ml-ml)x + ml, (5) 

^We follow the convention of J. D. Bjorken AND S. D. Drell, Relativistic Quantum Fields, McGraw- 
Hill, New York, (1965). 
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where e — > O"*", r(e) is gamma function, r(e) ~ so Fi, F2 are divergent. Notice that 
Ml{x) is not positive-definite, provided that k'^ > (mi + 7712)^, which is the threshold 
that the imcoming particle can decay into particles mi,m2. Thus a imaginary part 
of F2 appears, 

ImF2{k\mlml) = Oik' > (mi + ma)'), (6) 

A = - (mi + m2f][k' - ("^1 - ^2)% (7) 



3 Regular izat ion in 3-dimensional space 

We propose in the following a new regularization method in 3-dimensional space. 
Taking Fi and F2 as examples to demonstrate that the results are the same as above. 

3.1 Regularization of Fi 

The denominate in eq. (1) can be expressed as (go — Eq + ie){qo + — ie), here 
-E^q = + n^'- By use of Cauchy theorem, the integration of Qq in the complex go 
plane gives: 

^^^2(2^^1^- 

Now we assume the 3-dimensional integration is performed in n-dimension with 
the hmit n — > 3, so c/q — > (i"q = q"~^d qdQn with dQn — An in the limit n — > 3, 
here g = |q|. Then eq. (8) can be reduced as follows: 

^1 = 1+^-2 9 

OTT^ Jo 



p/n\ -p( 1 

2. nz^ i 1,2^12 2- 



Stt^^ ' r(i) • 

Expand it in a Laurent series about e = ^y^, it gives a result which is the same as 
eq. (3). 

3.2 Regularization of F2(P, mj, 7722) 
F2(A;^, mi, m2) can be rewritten as follows: 
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Since can be both positive and negative, we should locate the poles in the 

denominator of eq. (11). The analysis shows that 

M|(x) > for < (mi + m2)^ (11) 

or , k"^ > {mi + m2f'Stnd < x < Xi, 

or , A;^ > (mi + m2)^ anc? X2 < x < 1, 
Ml{x) < for k"^ > (mi + and Xi < x < x^-, 

where 

xi^2 = ^{k^ ^m\-mlT^)- (12) 
Then eq. (11) can be written as follows: 

= J^,m' < (".i + rn^ I dx I rf»q d^,^^-^±^^-^(13) 

1 



+e[k'^ > {mi+m2f] / cix / d^'cidq^— }, 

ioo (g^ - q2(a;) + |Mfc^(a;)|)2 

here E^{xY = + M|(x). It can be verified that 

Ij^'^'^'^qi-E^xr + ier ^ Ij^'^'^''\qi-q\x)\\Mi{xW ^^^^ 

= in\r{e)-lnMl{x) + 0{e)). 

Substitute eq. (14) into eq. (13) we obtain 

F2{k',ml,ml) = --L^(r{e)- £dxln\M',{x)\+0{e)) (15) 



+ 77;z^ ■ {-^T^ ) ■ - Xi) ■ in0[k >{mi + m2y 



^^{T{e)- f^dxln\Ml{x)\) 



167r2 
i \/A 



> (mi + m2)']+0(e)- 



167r A;2 

We can see that it is the same as eq. (4) and eq. (6), therefore, demonstrate that 
3-dimensional regularization gives the same results as traditional 4-dimensional reg- 
ularization method. This method can be extended to calculate other divergent in- 
tegrals, such as zero-point fluctuation energy mentioned in the Introduction. The 
calculation gives 
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^ m\T{e)-lnm^ + \) + 0{e), 



which is again the same as that given in ref . (^) . 



4 Summary 

We have demonstrate by calculating integrals Fi and F2 that the new 3-dimensional 
regularization method gives the same results as those the traditional 4-dimcnsional 
regularization method gives. We also show that the new method can be used to cal- 
culate the zero-point fluctuation energy of relativistic particles. In fact, this method 
can be generalized further to evaluate the quantum effect in two or one dimensional 
systems, it has a wide application perspective in physics. 
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